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Abstract 

In this paper we introduce the definition of partial action on small 
fc-categories generalizing the similar well known notion of partial ac- 
tions on algebras. The point of view of partial action which we use 
in this paper is the one which was introduced by Exel in his work 
on C*-algebras, see [8]. Various generalizations were done afterward, 
see O El m [7] . Also we define the notion partial skew category. We 
prove similar results to the ones in [5]. Finally we show a result given 
conditions for a partial action to have a globalization. 
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^ : 1 Introduction 

en 

t^^ ■ The point of view of partial group actions which we consider here was 

introduced in the context of operator algebras by R. Exel in [S]. Partial 
group actions are natural to be consider from distinct points of view. A 

ITji ' different way of looking at it, of the one considered here, appeared earlier 

H I in [To]. From the point of view considered in this paper a purely algebraic 

treatment was given recently in [5], [B]. In particular, several aspects of 
Galois theory can be generalized to partial group actions, see |7] (at least 



^The second named author and the third named author were partially supported by 
Conselho Nacional de Desenvolvimento Cientifico e Tecnologico (CNPq, Brazil) and he 
second named author was also partially supported by FAPESP, (Fundagao de Amparo a 
Pesquisa do Estado de Sao Paulo.). 2010 Mathematics Subject Classification: 
Primary:16S35 Secondary: 16G20 



under the additional assumption that the associated ideals are generated by 
central idempotents). Recently, Caeneepel and Janssen in p] developed the 
theory of partial (co)-action of a Hopf algebra and generalized the Hopf Galois 
theory to this situation. Moreover, other authors worked with partial actions 
of Hopf algebras, see [2] . 

In this paper we will extend the notion of partial actions to categories. 
Recall that a category C is said to be small if the objects of C is a set Co, 
called the set of objects. Actually we will need the following notion. 

Definition 1.1. Let k he a commutative ring. A sm,all weak not necessarily 
associative k-category D (WNNA, for short) consists of: 

(1) A set Dq, called the set of objects of D; 

(2) For each pair {x,y) of objects of D a k-module yD^, called the set of 
morphisms from x to y; 

(3) For each x, y, z in Dq, a k-bilinear map o : ^Dy x yD^ — )■ zDx called 
a composition, where o{f,g) will be denoted by f o g (o is not necessarily 
associative) . 

If the composition is associative, then D is called a weak category. If for 
every x E Dq there exists Ix G xDx such that / o 1^. = / and IxO g = g, for 
every / G yDx and g G xDy, then we say that D is WNNA category with 
identities or, more precisely, a not necessarily associative category (i.e, a NNA 
category). A A;-category is a WNNA category with identities and associative 
composition. 

The notions of subcategory, functors, full, faithful and so on, can be de- 
fined for WNNA categories in a similar way that are defined for categories. 

Throughout this paper k will always denote a commutative ring and C 
a small weak fc-category. Actually the notion of weak categories and not 
necessarily categories are not used strongly on the paper. We consider weak 
categories because as in the algebras situation the objects in our ideals do 
not need to have identities, but once more the important case is when this 
happens. This is the important case when we can show that there is an 
envelopping action. So one very important case which we consider is the 
case where all the ideals have local identities and in this case we can restrict 
ourselves to /c-categories. 



Actions of groups on a small A;-category C were extensively studied by 
several authors, see |1], [9] and the references quoted therein. The following 
question arises: is it possible to generalize group actions on fc-categories to 
the partial situation? The main purpose of this paper is to give a positive 
answer to this question. 

Let G be a group. Recall that an action of G on a small fc-category 
C is an action of G on the set Cq of objects of C and a family of A;-module 
isomorphisms s : yC^ -^ syCsx, for each s E G and for each couple of objects x 
and y in Gq and we have that s{gf) = {sg){sf) in case g and / are morphisms 
which can be composed in the category. Moreover, for elements t, s G G and 
a morphism / we have {ts)f = t{sf) and ef = f, where e is the identity of 
G. A category G together with an action of G on G is called a G-category. 
We remark here that this notion can be defined for WNNA categories in the 
same way. 

Recalling the definition of an ideal in a category we give the following 

Definition 1.2. An ideal in a WNNA category G is a collection I of mor- 
phisms such that if f is in I then {gf)h and g{fh) are in I whenever {gf)h 
and g{fh) are defined. Moreover, if G is a WNNA k-category, for I to be 
an ideal we require in addition that ah is a k-submodule of the k-module aGh, 
where ah denotes the set of all morphisms in aGt which belong to I. 

Every ideal J in a WNNA fc-category G can be looked as a WNNA sub- 
category, also denoted by /. In this case Iq = Gq and ah = aGb H /, for any 
a, b in Jq. 

In Section 2 we recall the definition of a partial action of a group on a set 
X and on a A;-algebra A, and the partial skew group algebra introduced by 
Exel and Dokuchaev [6]. 

We also introduce the notion of partial orbit and show that the family of 
partial orbits of a set X form a partition of it, which is a generalization of 
what happens in the case of global actions. 

In Section 3 we introduce the notion of a partial action of a group on a 
weak /c-categories and define the partial skew category. We prove a coherence 
result between our approach and the ring-theoretical approach, in the case 
the weak category has a finite number of objects. Moreover, we show that 



the partial skew category is equivalent to the full subcategory of the partial 
skew category formed by taking one element in each equivalent class. 

In Section 4 we give conditions for a partial action of a group on a small 
A;-category C to have an enveloping action. 

Definition 1.3. Let C he a k-WNNA category, x an object of C and I an 
ideal of C . A morphism e in ^I^ is called a local identity if, e is an idempotent, 
^f = f f'^1" ^^^ f ^ xly, o-nd fe = f for all f G ylx- Morever the local identity 
is called central if fe = ef for all f G xCx- 

It is convenient to point out that if C is a A;-category and I is an ideal of 
C such that for each object x & C there is a morphism e G x^x that is a local 
identity, then I is itself a small /c-category. 

2 Partial skew group algebras 

Let G be a group and X a set. A partial action a of G on X is a collection 
of subsets Sg, g E G, oi X and bijections ag : Sg~i — )■ Sg such that: 

(i) Si = X and ai is the identity mapping of X; 

(ii) S^gh)-i ^ ^h^iSh n Sg-i); 

(iii) ag o ah{x) = agh{x), for any x G aJ^^{Sh H Sg-i). 

Remark: 

1. The property (ii) is equivalent to ag{Sg~i fl Sh) = Sg H Sgh, for all 
g,h e G. 

2. We also have that a^-i = a~^, for every g E G. 

Following [1], given a partial action a of G on X, a globalization of a, also 
called an enveloping action, is a pair (y, j3) such that X can be considered as a 
subset of y, /? is a global action of G on y, 1" = Ug^Gl^gi^)^ Sg = Xr\ Pg{X) 
and Ug : Sg-i -^ Sg is equal to j5g\s _^, g E G. In other words, a is the 
restriction of /3 to X. 

If we have an additional structure some conditions can be imposed to the 
subsets Sg and the maps ag. For example, for partial actions on topological 
spaces all the Sg are open subspaces of X and all the mappings Ug are home- 
omorphisms of topological spaces. In Theorem 1.1 of [1] the author proved 



that globalization does exist for partial actions on topological spaces, which 
clearly implies the result for partial actions on sets. 

For the definition of a partial action of a group G on a fc-algebra the 
authors considered that any Sg is an ideal of R and that every ag is an 
isomorphism of algebras, g & G. 

Let a be a partial action of G on the /s-algebra R. The partial skew group 
algebra R-kaG, see [6], is defined as the set of all finite formal sums J2geG %^9' 
ttg G Sg for every g E G, where the addition is defined in the usual way and 
the multiplication is determined by {agUg){hhUh) = ag{ag-i{ag)bh)ugh. 

For the sake of completeness we recall now some facts and give a propo- 
sition. 

Let A be a A;- algebra with identity element and {ei}f^i a complete set 
of orthogonal idempotents, i.e., a set of orthogonal idempotents whose sum 
is the identity of A. Then we define a fc-category with a finite number of 
objects, denoted either by {Ca, {ei}"=o) ^^ ^a, as follows: 

Obj{CA) = {e-i : I < i < n} and Hom{ei, Cj) = e^Acj, for all I < i,j < n. 
Composition is defined in a natural way via the product {eiAej){ejAek) C 
(^lAck- 

Conversely, given a fc-category C which has a finite number of objects 
{ci : 1 < i < n} , we define the, so called, A;-algebra of homomorphism a{C) in 
the following way: a{C), as a set, is equal to (BijHom.{ei,ej). Note that the 
elements of a{C) can be seen as matrices. So the addition and multiplication 
in a{C) is defined as for matrices. 

The following proposition is probably known nevertheless we give a proof 
here. 

Proposition 2.1. (i) Let A be a k-algebra with identity element and {ei}^^i 
a complete set of orthogonal idempotents of A. Then the associated k-algebra 
a{CA) of Ca is isomorphic to A. 

(a) Let C be a k-category with a finite number of objects. Then the cate- 
gories C and Ca(c) are equivalent. 

Proof, (i) We define if : A ^ a{CA) by (/?(r) = {eirej)ij and -i/j : a{CA) — >■ 
A by ilj{{e.irijej)ij) = J2i j ^i'^hj^j- It is easy to see that </? is a homomorphism 
of algebras, f o if; = ida{CA) ^^^ i/j o ip = idA- 



(ii) Denote by {ai,...,a„} the objects of the category C. By definition 
a{C) = Q)i,jHom{ai,aj) with matrix operations. We define the category 
Ca{c) by taking the complete set of orthogonal idempotents {ai^ai, •••ia„la„} 
in a{C). Let T be the functor from C into Ca(c) defined by T{ai) = a^^ai, for 
any I < i < n, and for each f : Ui -^ ttj, T{f) = ai^a^fa^a- It can easily be 
seen that T is an equivalence of categories. ■ 

Definition 2.2. Let a be a partial action of G on a set X . For each a,b & X 
we say that a, b are a- equivalent, a^ab, if there exists g E G such that a G Sg-i 
and b = ag{a). Briefly a^ab will be denoted by a ^ b. 

Lemma 2.3. Let a be a partial action of G on a set X . Then the relation ~ 
is an equivalence relation. 

Proof. Straightforward. ■ 

Let a be a partial action of a group G on a set X. For each x & X the 
partial orbit of x is H"{x) = {ag{x) : x G Sg-i}. By Lemma 2.3 the set of all 
partial orbits form a partition of X. 

Example 2.4. Consider X = {ei, 62, 63, 64} and denote by G the cyclic group 
generated by a of order 5. Let us take the subsets 5*1 = X, S^ = {62}, S„2 = 
{64}, S'0-3 = {63}, So-i = {ei} and define a by ai = idx, ao-(ei) = 62, a„2(es) = 
64, 0:0.3(64) = 63, a;o.4(e2) = Ci. It is easy to see that a is a partial action of G 
on X, i/"(ei) = {61,62} = H^ie^) and H"{e^) = {63,64} = ^"(64). 

Assume that ct is a partial action of G on X and let {Y, (5) be the global- 
ization of a. Thus for any g E G, (5g is a, bijection of Y . Hence j3 is an action 
on Y and so it defines an equivalence relation denoted by ~: for u,v (z Y , 
u ^ V ii there exists g E G such that /3g{u) = v. We denote the orbit oi y eY 
by H^{y). 

We have the following 

Lemma 2.5. Let a be a partial action of G on X and let {Y, /3) be its envelop- 
ing action. Then the equivalence relation defined by a on X is the restriction 
of the equivalence relation defined by (3 on Y . In particular, for any x E X 
H^{x) = Hl^{x)r]X. 



Proof. Straightforward. ■ 

The following remark will be useful. 

Remark 2.6. {See [4f) Let C be a k-category with a finite number of objects 
{fi : 1 < ^ < n}. For each i G {1, ...,n} we associate the projective C-module 
CM) = f,Cf^. Note that Ei<.<„©C'^, ^ a{C). Hence Endc{]lt,C f^) = 
End{a{C)) ~a(C). 

Theorem 2.7. Let G be a finite group and a a partial action of G on a 
k-algebra with identity A. Suppose that Sg = Acg, where {eg)g^G is a set of 
orthogonal idempotents whose sum is 1 such that Acg = CgA, for all g & G. 
Assume that {Hi, ...,Hn} is the family of partial orbits of the set {cg : g G 
G}. Let {/i, ■■■/«} be the idempotents, chosen one for each orbit. Then 
EndA_*aG{Y[^=i ^ *a Cfi) is Morita equivalent to A *a G. In particular, if the 
idempotents are all in the orbit of a fix idempotent e then EndA^^ci^ *a Ge) 
is Morita equivalent to A *„ G. 

Proof. Note that the ideals 5*^ are idempotents and by ([6], Theorem 
3.1), the partial skew group algebra A*a G is an associative algebra. By 
Proposition 12.11 A *q, G is isomorphic to aiGA^^c) and Ca*„g is isomorphic 
to the full subcategory formed by the objects {/i,...,/n}, where fi G H^. 
Hence, a{GA*aG) is Morita equivalent to a(C{/j}"^^). So, by Remark 2.6 
UI^j=i fj^ *a Gfi is isomorphic to EndA*^G{]Xi=i ^ *« Gfi). ■ 

Example 2.8. As in Example \2.4\ take S = ^^^i Rci, where R is a commu- 
tative ring, with the same partial action as before. Using the above theorem 
we get that T = S *aG is Morita equivalent to End{eiT + e2T) 

3 Partial actions of groups on weak categories 

In the remaining of the paper C will denote a small weak /c-category, 
where k is commutative ring and Co the set of objects of G. 

In the next definition we will give first a partial action oq of a group G 
on the set Gq. So for any g ^ G a. subset Gq is given and a^ : Gq — > Gq is 
a bijection. If x G Cq , ctl{x) will be denoted by gx. 



Definition 3.1. Let G be a group. We say that a = {a^\g G G} is a partial 
action of G on C if the following conditions hold: 

(i) G acts partially on the set of objects Co of G. This partial action 
will be denoted by Oq '^^^'^ the subsets associated to this partial action by Gq, 
geG; 

(a) For each g E G there exists an ideal Z^ of G such that Jil = if one 
of the elements a or b are not in Cg ; 

(Hi) There are equivalence of weak categories a^ : X^ -^ X^ , for any 
g E G, such that for f G yX^^ , a^{f) G gyX^ , where x, y are in Cq ; 

(iv) X^ = C and a^ = Id; 

(v) For any pair of objects {x, ?/) G Co x Cq we have that 

(vi) Ifx,ye C^ n Gf' and f G a^'\yX^ n j,Xf '), then a9{a^{f)) = 
a^\f). 

Note that the conditions (v) and (vi) above fit with the conditions (ii) 
and (iii) of the definition of partial actions of groups on algebras given in [6]. 
Also, as in |6], it can easily be checked that condition (iv) can be replaced by 
the condition a^~\yX^^ n yX^") = h-^yl^X ^ h-^y^i-l,- 

Now we give natural examples of partial actions on small weak fc-categories. 

Example 3.2. Assume that C is a small weak fc-category and /3 is a global 
action of G on C. Let D be an ideal of C. We define a partial action a of G 
on D by restriction oi (3 to D as follows: 

The partial action is a global action on Dq = Cq 

The ideals X^ of D are defined by j^X| = yD^ fl [3g{g-iyDg-ix), where, as 
above, f3g-i{x) is denoted simply by g~^x. 

Let us show first that X^ is an ideal of D. Let / G ^X^ and /, m morphisms 
such that I ^ zDy and m G xDu-, with u and 2; in Co = -Dq. Then there are 

with / = f3g(t), I = f3g{l) and m = (igifh). So Ifm = J3g{l)j3g{t)l3g{fh) = 

/3g{itm) G ,a, n Pg{g-i,D^_j = ,xi 



It is easy to check that a^ : yX^ — )■ gyX^ ^ is a bijection and an isomor- 
phism of fc- modules, for any x,y E Dq. 
Now let / e a^'\yX^ n yXf'), i.e., 

«^/) e yX': n yX'C = yD, n (3hih-^yD^,-i.,) n /?3-i(^j,Z}^,). 

Hence / G /?/,-! (/33-i(3j^i:'3^)) = /3(gh)-^{gyDg^) and consequently 

/ G h-^yDh-^X n l3(gh)-l{gyDg.j;) = h-^y^-h-l^ ' 

Thus condition (if) of the definition of partial actions is satisfied. Finally, 
condition (v) also holds since a^ is defined as restriction oi (3g. ■ 

Remark 3.3. Note that we can give a more general example if we change 
slightly the definition of ideal of a weak category. In the following an ideal D 
of C will be a subset Dq of Cq together with a collection of morphisms yD^, 
for every x, y G Dq, satisfying the same conditions of the Definition 1.1. 

Example 3.4. Assume that C is a small weak fc-category and /3 is a global 
action of G on C. Let D be an ideal of C in the sense of the above remark. 
For any g E G we put D^ = Dq fl l3g{Do). The partial action ao on Dq is 
defined as the restriction of /?, i.e. af, : D^ — )■ Dq is equal to (3\ g-i. The 
rest is defined as in the above example. The ideals X^ of D are defined by 
yX^ = yDx n f3g{g-iyDg-ix) aud Q!^ Is the restriction of (3g to X^ It is easy to 
show, as above, that this gives a partial action of G on Z^ which not global 
in Dq. 

Now we introduce a partial version of skew category. 

Definition 3.5. Let a be partial action of a group G on a small weak k- 
category G . We define the skew WNNA category C *aG as follows: 

(i){C*^G)o = Co. 

(li) For each x,y e Go, y{C *« G)^ = ®geG y^gx- 

For each f G z^ty ^ ^ y^gx '^^ define the composition by the following 
rule: fl = a\a'-\f)ol)e.X'l^^. 

Example 3.6. Let G be a group and a a partial action on a small k-category 
G. If for any g E G the ideals X^ = C , then for all x,y E Go, cxg : xCy — )■ gxCgy 



is an isomorphism of k-m,odules. Note that the action of G on Cq is global in 
this case. Thus, a is a global action of G on C and C *a G defined above is 
the ordinary skew category G[G], see ^. 

We know that the partial skew group algebra introduced by Dokuchaev 
and Exel is not necessarily associative (Example 3.5 of [6J). Similarly the 
composition map in G *a G is not necessarily associative, in general. The 
case where it is associative is of special interest, because of this we give the 
next definition. 

Definition 3.7. Let G be a group and a a partial action of G on a small k- 
category G. We say that the partial action a is associative if the composition 
of maps in G *aG is associative. 

Remark 3.8. As a consequence of the definition above, if G is small k- 
category and the partial action a is associative, then G *aG is a category and 
we call it the partial skew category. 

In the next theorem we assume that a is a partial action of G on a small 
A;-category G with finite number of objects such that a is not associative. In 
this case, a{G *a G) is not necessary associative fc-algebra. 

Theorem 3.9. Let a be a partial action of a group G on a small k-category G 
with a finite number of objects. Then G acts partially on a{G) = ©x.yeCo y^x 
and a{G *a G) is isomorphic to a{G) *a G. 

Proof. For each g E G \et a{G)g = ©x.yeCo y^x is an ideal of a{G) and 
ag : a{G)g-i — )■ a{G)g, defined by ag\ „-! = a^\ g-i, for all x,y E Gq , is 
an isomorphism of ideals. 

Now we show that a is a partial action of G on a{G). The first condition 
of the definition of partial actions is obvious. For the second suppose that 
/ G ah-i{a{G)h n a(C)g-i). We can assume that / G yG^ , so ah{f) G hyGhx 
and consequently / G a{G)(^gh)-i. Thus the second condition of the definition 
of partial actions is fulfilled. Finally the condition (iii) of Definition 1.1 in [6] 
follows immediately from condition (vi) of Definition 3.1. 

We define ip : a{G *a G) — )■ a{G) *a G by ^p{fg) = fgUg, where fg is an 
elementary morphism in yX^^ C y{G *a G)x and {ug \ g E G} denotes the 
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canonical generators of a{C) -k^ G. We clearly have that </? is a well defined 
honiomorphism of fc-algebras. Finally \E' : a{C) *aG ^ a{C *a G) defined by 
'^{fgUg) = fg, ioT 0.10^ fg G a{C)g, IS clcarly an inverse of ip. ■ 

Recall that an algebra A is strongly associative if for any partial action 
a of a group G on A is always associative. A semiprime algebra is strongly 
associative ([6], Corollary 3.4) 

The following is immediate from Theorem 3.7. 

Corollary 3.10. Let G be a group, A a strongly associative k-algebra and 
Ca the category with a single object {A} and endomorphism k-algebra A. 
Suppose that G acts partially on Ca- Then a(C^ *aG) ~ A *„ G and so a is 
associative. In particular, if A is semiprime then the associated skew NNA 
category is associative for any partial action a of a group G on A . 

Let a be a partial action of G on a small A;-category G. We define the 
following relation: x ~ y if there exists g E G such that x^x & x^x ^^^ 
y = a^{x), where l^; G ^X| denotes the identity morphism from x to x. 

The proof of following lemma is standard. 

Lemma 3.11. The relation ~ is an equivalence relation. 

The next proposition has a similar proof as Lemma 2.5, of [4J. For the 
sake of completeness we give a proof here, adapted to our case. 

Proposition 3.12. Let a be a partial action of a group G on a small k- 
category G such that a is associative. If x ^^ y, then the objects x and y are 
isomorphic in G *a G. 

Proof. Suppose that x, y are equivalent, i.e, there exists h E G such that 

y = hx and ^1^. G x^f"^ ■ Since yly G yly, we have that yly = ylhx e y^L ^ 
y{C*aG)x. On the other hand, xU = x^h-^y e xl^^-^y C x{,G *aG)y. We 

claim that x'^x = x'^h-^y°y'^hx- In fact, ^l/i-iyOyUx = a^ {a^{x'^h~^y)°y'^hx) = 

a^'^hx'^y o y'^hx) = Oi''~\hx'^hx) =x^x- Usiug similar methods we can show 

that yly = ylhx ° xlh-^y ■ 

The next corollary is a direct consequence of the above result. 
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Corollary 3.13. Let a be a partial action of a group G on a small k-category 
C such that a is associative and S a representative set of the equivalence 
relation defined before (that is, there is in S exactly one element of each 
equivalence class) and C* be the full subcategory of C *aG whose objects are 
the elements of S. Then C* is equivalent to C *aG . 

4 Globalization of partial actions 

In this section we consider always small /c-categories, unless otherwise 
stated. 

Examples 3.2 and 3.4 are natural examples of partial actions of groups on 
small fc-categories which can be obtained by restriction of global actions to 
ideals. Moreover, if a partial action a is obtained in that way, then C *a G, 
defined as before, is an associative category. Thus it is natural to ask when a 
partial action can be obtained by restriction of a global action. This question 
has been considered in [I] for partial actions on topological spaces and in [6] 
for partial action on algebras with identity element. 

Definition 4.1. Let B and D be two WNNA categories. We say that T : 
B ^^ D is a quasi-functor if the following conditions are satisfied: 

(i) For each object b of B, T{h) is an object of D; 

(a) For each morphism f in B, T{f) is a morphism in D; 

(Hi) Given two morphims f ,g in B such that 3f o g in B we have that 
T{f) o T{g) does exist in D and T{f o g) = T{f) o T{g). 

Note that if B and D are categories, then a functor T : i? — t- D is a 
quasi-functor such that T(^l^) = t(x)'^t{x), for all x G So- 
Induced by the definition given in [6j, Section 4, we give the following. 

Definition 4.2. Let (C, a) be a small k-category C together with a partial 
action a of G on C . We say that a pair {D, /3), where D is a k-category and 
P is a global action of G on D, is an enveloping (also called a globalization) 
of (C, a) if the following conditions are satisfied: 

(i) There is a faithful quasi-functor j : C ^ D; 

(li) For each f e y]{G)^, g e ^Dy and h e ^Dy, where x,y,z,v e j{Co), 
we have gfh G zi{C)v; 
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(in) j{yX3) = JiyC^) n l3g{j{g-iyCg-i^)), foT ttll x,y E Co; 

(iv) j o a<^{f) = /3gO j{f), for any f G ylf'; 

(v)yD^ = Y,g^^/3g{j{g-iyCg-i,^)), for any x,y E Dq such that g-^x, g-'^y G 
Co. 

It is convenient to remark that when (C, a) has an enveloping action {D, /3) 
we have that C *aG is a subcategory of the skew category D[C]. 

Definition 4.3. Given small k-categories D and D , we say that global ac- 
tions {D, P) and {D , j3 ) of G on D and D , respectively, are equivalent if 
there exists an equivalence of categories ^ : D ^ D such that for any g E G 
we have /3c, o $ = $ o /3^. 

Lemma 4.4. Assume that a is a partial action of a group G on a small 
k-category C which has a globalization {D, /3) and let j : C ^ D the canon- 
ical faithful functor. Then for any x E Cq and gi, ...,gn E G the submodule 
J2i<i<n (^9iUig7^x^g7'^x)) '^f xDx has an identity element with respect to com- 
position. 

Proof. By induction it is enough to prove the result for n = 2. Put 
N = l3giJig-^xCg-ix))+MJih-^xCh-^x))- Since (3g{j{g-ia:lg-^x)) IS an identity 
for /3g{j{g-i^^Cg-i,^)) and /3hiJih-ix'^h-ix)) an identity for /3hiJih-ixCh--^x)), it 
is easy to see that 

/3g(i(g-ia;lg-lx)) + Mj{h-ix'^h--^x)) " (3g{j{g-ixlg--^x)) Mih-^xlh-^x)) 

is an identity for A^. ■ 

In the next result we will assume that the A;-subspace ^^^ contains a 
local identity, for any g E G and x E Cq. We should point out that this 
local identity is not necessarily the identity in ^Cx. Now we prove the main 
theorem of this section. 

Theorem 4.5. Let a be a partial action of a group G on a small k-category 
C such that ao is global on Cq. Then there exists an enveloping action of 
(C, a) if and only if all the k-spaces ^^^ contains a local identity element, for 
any x E Cq and g E G. Moreover, the enveloping action, if does exists, it is 
unique up to equivalence. 
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Proof. Assume that [D, (3) is an enveloping action of [C, a) and denote 
by J : C — ;■ D the functor of Definition 4.2. Note that, in this case, since ao is 
global in Cq we can assume that Co = Dq and so j{C) is an ideal of D. Now 
^X| has an identity j~^{j{x'^x)f^g{j{g-^x'^g-^x))), for any g e G and x E Cq, 
where x^x denotes the identity of xCx- 

Conversely, in the rest of the proof we assume that x^i contains an identity 
xl^, for any x G Co and g E G, that we shortly denote by P when there is no 
possibility of misunderstanding. Define the category B as follows: Bq = Gq 
and for any x,y E Bq the A;-module of morphisms yB^. is defined as the k- 
module F(C, yGx) of all the maps a from G to the direct product YlgeG ay^9^ 
such that a{g) G g-^yGg-ixi for any g E G. 

As in [6] we write a \g to denote (7{g). The composition of the morphisms 
a E yBx and r G zBy is defined by r o a \h= r \h ocr \h. 

We define a global action /? of C on S as follows: if a G yBx and h E G, 
then we put /?/i(cr) \g= cr U-ig- Since cr \h-^g E g-^hyGg-^hx it follows that 
/?/i(c") G hyBhx and so /3 is well-defined. It is easy to see that j3 is an action 
of C on B. 

Now we define a functor j : G ^- B. As map from Co to -Bo, j is the 
identity. If a G yGx we put j(cr) 1^= a^ ^ {cfl^) E h-^yGh-^x- Thus j{a) E yBx 
and consequently j is well-defined. We see that j is a faithful functor from C 
into S. Suppose that fi,T] E G and j(/i) = j{r]). Then for any h E G we have 
j(/i) |/i= j(?7) \h and so a'^ (/Jl^) = ct^ {i]!^). Taking h = e, the identity of 
C, we obtain /i = ?]. 

Now assume that /i G ^^C^^ and ?] G ^C^^. Hence 77// G zGx and j(?7/i) 1^= 
a'' (77/il'^). On the other hand 

j(T/)j(/i) U= J(^) k °J(^) \h= a^'iv^") ° «'^"'(/il'^) = a'^"'(r/lVl'^) = 



a 



"(77^1^). 



Therefore j(?7/i) = iiji)]^^)- 

Let D be the subcategory of S defined as follows: the set of objects 
Dq of D is equal to Co and the set of morphisms from x to y is given by 
yDx = J2neG f^ 9(3(9'^ y^9~'^^))- ^^ ^^ clear that D is a small k-subcategory of 
S, j : C — 7- D is a faithful functor and /3 is a global action of C on D. Also 
condition (iv) of the definition of enveloping action is fulfilled. 



14 



Recall that a^~^ {yX^ fl yX^'^) = h-'^y^h-i^ n h-^yXJ^Zl^. Using this and 
taking h"^ = g we easily obtain a^(P l'*) = PP^, for any g,h E G. To 
simplify notation we will write X^ instead of ^X^, for x,y G Cq. 

For any 7] G X^'' we have a3{r]l<^'''') G ^^(X^"' nX^"'^) = X^ nX^. Thus 
using conditions (v) and (vi) of Definition 3.1 we obtain 

Now we show condition (iv) of Definition 4.2. In fact, let r] E X^ . 

Then /3,(j(r])) \h= jiv) \9-^h= a""^^!'"') = «""(«n^)l') = jic^'iv)) U- 
Consequently I3g{j{vi)) = j^a^^r))), for any t] eX^ and (iv) holds. 

Let see now that condition (iii) of Definition 4.2 holds. Let a G JiyC^) fl 
/^sOXs^^a^s"^^))- Then there are i] G ^C^ and /x G g-iyCg-i^ such that a = 
j(??) = /3g{j{^)). Thus for any h e G we have i(?7) |h= (3g{i{^)) \h- This 
implies that a'* (r^l'*) = j{^) \g-ih= ol^ ^(/iP ^). Hence taking h = e we 
obtain 77 = Q;^(yul^ ) G X^ and so o" G i(X^). The argument shows that 

j(C)n/?,(j(C^))cj(x^). 

On the other hand, if z/ = ^(r]) for rj E X^ we have that z/ G i(C). Also 
there exists t E X^ with ^^(r) = r^. Hence, z/ = i(Q;g(T)) and so for any 
h e G we have z/ 1^= j("s(^)) k= l^g{J{T) \h- So, z/ G /^^OXC)) and the 
relation (iii) follows. 

Finally, we see that also condition (ii) is satisfied. Let 77 G g-^zCg-^y and 
/i G j;C:c. Then 

a^"'(a^(r7l^"')l^)a^"'(7il'*) = a^'\a%r]l3'')^ll^) = j{a3{7]l3'')^) \h . 

Consequently j^giiij])) o j(/i) = j^a^irjl^ )/i) G j{G). Similarly we prove 
j{^) o Pg^jij])) = j{fia9{rjl9 )) G j(C). Thus condition (ii) also holds. 

It remains to prove the uniqueness. Assume that (-D,/3) and (-^,7) are 
two globalizations of a, where j : C ^ D and j : C ^ E are the canon- 
ical functors of Definition 4.2. Then yDj. = 'YliqeG t^AJig^^y^g^^x)) and 
yEx = T.geG^gWig-^y'^g-^x)), for any x,y E Gq = Dq = Eq. We define 
the mapping Q : yD^ ^ yE^ by 0(Ei<i<„/?9.(i(/i))) = Ei<i<„73.(i'(/i)), 
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for fi G g-^yCg-i^, 1 < i < n. As in the last part of the proof of Theorem 
4.5 of [6] it follows that G is well-defined and so it is an isomorphism of 
A;-modules. This completes the proof. ■ 

We were unable either to prove or to disprove the result corresponding to 
Theorem 4.5, in general. The implication in one direction always holds. In 
fact, to end the paper we can easily to obtain the following, repeating the 
first part of the proof of Theorem 4.5. 

Proposition 4.6. Let a be a partial action of a group G on C and suppose 
that the partial action a has an enveloping action {D,I3). Then for each 
X E Cq, xl-l has a local identity, for all g E G. 
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